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The concept of 2-normed spaces was initially developed by
Ga¨hler [1] in the mid of 1960s, while that of n-normed spaces
one can see in Misiak [2]. Since then, many others have studied
this concept and obtained various results, see Gunawan [3,4],
Gunawan and Mashadi [5], Mursaleen and Mohiuddine [26],
Mohiuddine et al. [27] and Mohiuddine and Aiyup [28]. Let
n 2 N and X be a linear space over the ﬁeld K, where K is ﬁeld
of real or complex numbers of dimension d, where dP nP 2.
A real valued function iÆ, . . . , Æi on Xn satisfying the following
four conditions:t of Mathematics, Adiyaman
el.: +90 4162231444
m (S.K. Sharma), sunilk
tian Mathematical Society.
g by Elsevier
ical Society. Production and hostin
1.005(1) ix1,x2, . . . ,xni = 0 if and only if x1,x2, . . . ,xn are linearly
dependent in X;
(2) ix1,x2, . . . ,xni is invariant under permutation;
(3) iax1,x2, . . . ,xni = ŒaŒix1,x2, . . . ,xni for any a 2 K, and
(4) ix+ x0,x2, . . . ,xni 6 ix,x2, . . . ,xni + ix0,x2, . . . ,xniis called a n-norm on X and the pair (X, iÆ, . . . , Æi) is called a
n-normed space over the ﬁeld K.
For example, we may take X ¼ Rn being equipped with the
Euclidean n-norm ix1,x2, . . . ,xniE = the volume of the n-
dimensional parallelepiped spanned by the vectors
x1,x2, . . . ,xn which may be given explicitly by the formula
kx1; x2; . . . ; xnkE ¼ j detðxijÞj;
where xi ¼ ðxi1; xi2; . . . ; xinÞ 2 Rn for each i= 1,2, . . . ,n. Let
(X, iÆ, . . . , Æi) be an n-normed space of dimension dP nP 2
and {a1,a2, . . . ,an} be linearly independent set in X. Then the
following function iÆ, . . . , Æi1 on Xn1 deﬁned by
kx1;x2; . . . ;xn1k1¼maxfkx1;x2; . . . ;xn1;aik : i¼1;2; . . . ;ng
deﬁnes an (n  1)-norm on X with respect to {a1,a2, . . . ,an}.
The standard n-norm on X, a real inner product space of
dimension dP n is as follows:g by Elsevier B.V.Open access under CC BY-NC-ND license.
104 S.K. Sharma, A. Esikx1; x2; . . . ; xnkS ¼
hx1; x1i    hx1; xni
  
  
  
hxn; x1i    hxn; xni


1
2
;
where ÆÆ, Ææ denotes the inner product on X. If X= Rn, then this
n-norm is exactly the same as the Euclidean n-norm
ix1,x2, . . . ,xniE mentioned earlier. For n= 1, this n-norm is
the usual norm kxk ¼ hx1; x1i
1
2.
A sequence (xk) in a n-normed space (X, iÆ, . . . , Æi) is said to
converge to some L 2 X if
lim
k!1
kxk  L; z1; . . . ; zn1k ¼ 0 for every z1; . . . ; zn1 2 X:
A sequence (xk) in a n-normed space (X, iÆ, . . . , Æi) is said to be
Cauchy if
lim
k!1
p!1
kxk  xp; z1; . . . ; zn1k ¼ 0 for every z1; . . . ; zn1 2 X:
If every Cauchy sequence in X converges to some L 2 X, then
X is said to be complete with respect to the n-norm. Any com-
plete n-normed space is said to be n-Banach space.
The notion of ideal convergence was introduced ﬁrst by
Kostyrko et al. [6] as a generalization of statistical convergence
which was further studied in topological spaces by Das et al.
[7]. More applications of ideals can be seen in [7,8,24,25].
Let (X, iÆi) be a normed space. Recall that a sequence
ðxnÞn2N of elements of X is called statistically convergent to
x 2 X if the set AðÞ ¼ fn 2 N : kxn  xkP g has natural
density zero for each e > 0.
A family I  2Y of subsets of a non empty set Y is said to
be an ideal in Y if
(1) / 2 I
(2) A;B 2 I imply A [ B 2 I
(3) A 2 I ; B  A imply B 2 I ,
while an admissible ideal I of Y further satisﬁes fxg 2 I for
each x 2 Y see [9]. Given I  2N be a non trivial ideal in N. A se-
quence ðxnÞn2N in X is said to be I-convergent to x 2 X, if for each
e>0 the set AðÞ ¼ fn 2 N : kxn  xkP g belongs to I see [6].
A sequence of positive integers h= (kr) is called lacunary if
k0 = 0,0 < kr < kr+1 and hr = kr  kr1 ﬁ1 as rﬁ1. The
intervals determined by h will be denoted by Ir = (kr1,kr) and
qr ¼ krkr1. The space of lacunary strongly convergent sequences
Nh was deﬁned by Freedman et al. [10] as:
Nh ¼ x 2 w : lim
r!1
1
hr
X
k2Ir
jxk  lj ¼ 0; for some l
( )
:
Strongly almost convergent sequence was introduced and stud-
ied by Maddox [11] and Freedman et al. [10]. Parashar and
Choudhary [12] have introduced and examined some proper-ties of four sequence spaces deﬁned by using an Orlicz function
M, which generalized the well-known Orlicz sequence spaces
[C, 1,p], [C, 1,p]0 and [C, 1,p]1. It may be noted here that the
space of strongly summable sequences were discussed by Mad-
dox [13].
Mursaleen and Noman [14] introduced the notion of k-con-
vergent and k-bounded sequences as follows:
Let k ¼ ðkkÞ1k¼1 be a strictly increasing sequence of positive
real numbers tending to inﬁnity i.e.
0 < k0 < k1 <    and kk ! 1 as k ! 1
and said that a sequence x= (xk) 2 w is k-convergent to the
number L, called the k-limit of x if Km(x)ﬁ L as mﬁ1,
where
kmðxÞ ¼ 1km
Xm
k¼1
ðkk  kk1Þxk:
The sequence x= (xk) 2 w is k-bounded if supmŒKm(x)Œ<1.
It is well known [14] that if limmxm = a in the ordinary sense of
convergence, then
lim
m
ð 1
km
Xm
k¼1
ðkk  kk1Þjxk  aj
 !
¼ 0:
This implies that
lim
m
jKmðxÞ  aj ¼ lim
m
1
km
Xm
k¼1
ðkk  kk1Þðxk  aÞ

 ¼ 0
which yields that limmKm(x) = a and hence x= (xk) 2 w is k-
convergent to a.
A modulus function is a function f : [0,1)ﬁ [0,1) such
that
(1) f(x) = 0 if and only if x= 0,
(2) f(x+ y) 6 f(x) + f(y) for all xP 0,yP 0,
(3) f is increasing
(4) f is continuous from right at 0.It follows from (i) and (iv)
that f must be continuous everywhere on [0,1). For a
sequence of modulus function F= (fk), we give the fol-
lowing conditions:
(5) supkfk(x) <1 for all x> 0,
(6) limxﬁ0fk(x) = 0 uniformly in kP 1.
We remark that in case f= (fk) for all k, where f is a modulus,
the conditions (v) and (vi) are automatically fulﬁlled. The modu-
lus function may be bounded or unbounded. For example, if we
take fðxÞ ¼ x
xþ1, then f(x) is bounded. If f(x) = x
p, 0 < p< 1,
then the modulus f(x) is unbounded. Subsequently, modulus
function has been discussed in [12,15–23] and references therein.
Let I be an admissible ideal, F= (fk) be a sequence of
modulus functions, (X, iÆ, . . . , Æi) be an n-normed space,
p= (pk) be a sequence of positive real numbers and u= (uk)
be a sequence of strictly positive real numbers. By w(n  X)
we denote the space of all sequences deﬁned over n- normed
space (X, iÆ, . . . , Æi). In the present paper, we deﬁne the follow-
ing classes of sequences:½Nh ;F;K; u; p; k; . . . ; k;XS I ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N : 1
hr
X
k2Ir
uk ½fkðkKkðxÞ  L; z1 ; z2; . . . ; zn1kÞpk P e; for some L and for every z1 ; z2 ; . . . ; zn1 2 X
" #
2 I
( )
;
½Nh;F;K; u; p; k; . . . ; k;XSI0 ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N :
1
hr
X
k2Ir
uk fk kKkðxÞ; z1; z2; . . . ; zn1kð Þ½ pk P e; for every z1; z2; . . . ; zn1 2 X
" #
2 I
( )
:
; z1; z2; . . . ; zn1kÞpk P e; for some L and for every z1; z2; . . . ; zn1 2 X
#
2 I
)
;
pk P e; for every z1 ; z2 ; . . . ; zn1 2 X
#
2 I
)
:
L; z1; z2; . . . ; zn1kÞP e; for some L and for every z1; z2; . . . ; zn1 2 X
#
2 I
)
;
z1; z2; . . . ; zn1kÞP e; for every z1; z2; . . . ; zn1 2 X
#
2 I
)
:
z1; z2; . . . ; zn1kÞP e; for some L and for every z1; z2; . . . ; zn1 2 X
#
2 I
)
;
; . . . ; zn1kÞP e; for every z1; z2; . . . ; zn1 2 X
#
2 I
)
:
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½Nh;K; u; p; k; . . . ; k;XSI ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N : 1
hr
X
k2Ir
ukðkKkðxÞ  L
"(
½Nh ;K; u; p; k; . . . ; k;XS I0 ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N :
1
hr
X
k2Ir
ukðkKkðxÞ; z1 ; z2 ; . . . ; zn1kÞ
"(
If p= (pk) = 1, we get
½Nh;F;K; u; k; . . . ; k;XSI ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N : 1
hr
X
k2Ir
uk fkðkKkðxÞ ½
"(
½Nh;F;K; u; k; . . . ; k;XSI0 ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N :
1
hr
X
k2Ir
uk fkðkKkðxÞ;½
"(
If p= (pk) = 1 and u= (uk) = 1, we get
½Nh;F;K; k; . . . ; k;XSI ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N : 1
hr
X
k2Ir
fkðkKkðxÞ  L;½
"(
½Nh;K; p; k; . . . ; k;XSI0 ¼ x ¼ ðxkÞ 2 wðn XÞ : r 2 N :
1
hr
X
k2Ir
fk kKkðxÞ; z1; z2ð½
"(
The following inequality will be used throughout the paper. If
0 6 pk 6 suppk =H, D=max(1,2H1) then
jak þ bkjpk 6 Dfjakjpk þ jbkjpkg ð1:1Þ
for all k and ak; bk 2 C. Also jajpk 6 maxð1; jajHÞ for all a 2 C.
The aim of this paper is to study I -convergent sequence
spaces deﬁned by a sequence of modulus functions in n-
normed spaces and examine some topological properties and
inclusion relations between the spaces ½Nh;F;K; u; p;
k; . . . ; k;XSI and ½Nh;F;K; u; p; k; . . . ; k;XSI0.
2. Main results
Theorem 2.1. Let F = (fk) be a sequence of modulus functions,
p = (pk) be a bounded sequence of positive real numbers and
u = (uk) be any sequence of strictly positive real numbers, the
spaces ½Nh;F;K; u; p; k; . . . ; k;XSI and ½Nh;F;K; u; p;
k; . . . ; k;XSI0 are linear over the ﬁeld of complex number C.
Proof. Let x ¼ ðxkÞ; y ¼ ðykÞ 2 ½Nh;F;K; u; p; k; . . . ; k;XSI0
and a; b 2 C, then there exist positive integers Ma and Nb such
that ŒaŒ 6Ma and ŒbŒ 6 Nb. Since iÆ, . . . , Æi is a n-norm and (fk)
is a sequence of modulus functions for all k and also by using
(1.1), the following inequality holds
1
hr
X
k2Ir
uk fkðkKkðaxþ byÞ; z1; z2; . . . ; zn1kÞ½ pk
6 DðMaÞH 1
hr
X
k2Ir
uk½fkðkKkðxÞ; z1; z2; . . . ; zn1kÞpk þDðNbÞ
 1
hr
X
k2Ir
uk fkðkKkðyÞ; z1; z2; . . . ; zn1kÞ½ pk :
On the other hand from the above inequality, we get
r2N : 1
hr
X
k2Ir
uk ½fkðkKkðaxþbyÞ;z1 ;z2 ;...;zn1kÞpk Pe
( )
# r2N :DðMaÞH 1
hr
X
k2Ir
uk ½fkðkKkðxÞ;z1 ;z2 ;...;zn1kÞpk Pe
( )
[ r2N :DðNbÞ 1
hr
X
k2Ir
uk fk kKkðyÞ;z1 ;z2 ;...;zn1kð Þ½ pk Pe
( )
:Two sets on the right side belongs to I , so this completes the
proof. square
Lemma 2.2. Let f be a modulus function and let 0< d< 1.
Then for each x> d, we have f(x) 6 2f(1)d1x. For detail
(see [13]).
Theorem 2.3. Let F = (fk) be a sequence of modulus functions
and 0< infkpk = h 6 pk 6 supkpk = H<1. Then
(i)
½Nh;K; u; p; k; . . . ; k;XSI  ½Nh;F;K; u; p; k; . . . ; k;XSI
(ii)
½Nh;K; u; p; k; . . . ; k;XSI0  ½Nh;F;K; u; p; k; . . . ; k;XSI0 :
Proof. If x ¼ ðxkÞ 2 ½Nh;K; u; p; k; . . . ; k;XSI , then for some
L> 0 and for every z1,z2, . . . ,zn1 2 X. Thus
r 2 N : 1
hr
X
k2Ir
ukðkKkðxÞ  L; z1; z2; . . . ; zn1kÞpk P e
( )
:
Now let e> 0 be given. We can choose 0 < d< 1 such that
for every t with 0 6 t 6 d we have fk(t) < e for all k. Now,
using Lemma 2.2, we get
r 2 N : 1
hr
X
k2Ir
uk½fkðkKkðxÞ; z1; z2; . . . ; zn1kÞpk P e
( )
¼ r 2 N : 1
hr
hrmaxfeh; eHg
 
P e
 
[ r 2 N : 1
hr
maxfð2fkð1Þd1Þh; ð2fkð1Þd1ÞHg

X
k2Ir
ukðkKkðxÞ  L; z1; z2; . . . ; zn1kÞpk
)
:
This completes the proof of (i). Similarly we can prove (ii). h
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If limt sup
fkðtÞ
t
¼ A > 0 for all k; then
½Nh;F;K; u; p; k; . . . ; k;XSI0 ¼ ½Nh;K; u; p; k; . . . ; k;XSI0
and
½Nh;K; u; p; k; . . . ; k;XSI ¼ ½Nh;F;K; u; p; k; . . . ; k;XSI :
Proof. To prove ½Nh;K; u; p; k; . . . ; k;XSI ¼ ½Nh;F;K; u; p;
k; . . . ; k;XSI . It is sufﬁcient to show that
½Nh;F;K; u; p; k; . . . ; k;XSI  ½Nh;K; u; p; k; . . . ; k;XSI . Let
x 2 ½Nh;F;K; u; p; k; . . . ; k;XSI . Since A> 0, for every
t> 0 we write fk(t)P A t for all k. From this inequality
1
hr
X
k2Ir
uk½fkðKkðxÞ; z1; z2; . . . ; zn1kÞpk
P AH
1
hr
X
k2Ir
ukðKkðxÞ; z1; z2; . . . ; zn1kÞpk
we get the result. Similarly we can prove the other part. h
Corollary 2.5. Let F0 ¼ f0k
 
and F00 ¼ f00k
 
be sequences of mod-
ulus functions. If limt sup
f0
k
ðtÞ
f00
k
ðtÞ < 1 implies
½Nh;F0;K; u; p; k; . . . ; k;XSI0  ½Nh;F00;K; u; p; k; . . . ; k;XSI0
and
½Nh;F0;K; u; p; k; . . . ; k;XSI  ½Nh;F00;K; u; p; k; . . . ; k;XSI :
Proof. It is trivial. h
Theorem 2.6. Let ðX; k; . . . ; kXSÞ and ðX; k; . . . ; kXEÞ be stan-
dard and Euclid n-normed spaces, respectively. Then
½Nh;F;K; u; p; k; . . . ; k;XSI \ ½Nh;K; u; p; k; . . . ; k;XEI
 ½Nh;F;K; u; p; ðk; . . . ; kXS þ k; . . . ; kXE Þ
I
:
Proof. We have the following inclusion:
r2N : 1
hr
X
k2Ir
uk ½fk ððk; . .. ; kXS þk; . . . ; kXE ÞðkKk ðxÞL;z1 ;z2 ; . . . ;zn1kÞÞ
pk P e
( )
# r2N :D 1
hr
X
k2Ir
uk ½fk ðkKk ðxÞL;z1 ;z2 ; . . . ;zn1kXS Þ
pk P e
( )
[ r2N :D 1
hr
X
k2Ir
uk ½fk ðkKk ðxÞL;z1 ;z2 ; . . .;zn1kXE Þ
pk P e
( )
by using inequality (1.1). This completes the proof. h
Theorem 2.7. Let F0 ¼ f0k
 
and F00 ¼ f00k
 
be two sequences of
modulus functions. Then
(i)
½Nh;F0;K; u; p; k; . . . ; k;XSI0  ½Nh;F0
 F00;K; u; p; k; . . . ; k;XSI0
and
½Nh;F0;K; u; p; k; . . . ; k;XSI  ½Nh;F0
 F00;K; u; p; k; . . . ; k;XSI :
(ii)
½Nh;F0;K; u; p; k; . . . ; k;XSI0 \ ½Nh;F00;K; u; p; k; . . . ; k;XSI0
 ½Nh;F0 þ F00;K; u; p; k; . . . ; k;XSI0and
½Nh;F0;K; u; p; k; . . . ; k;XSI0 \ ½Nh;F00;K; u; p; k; . . . ; k;XSI0
 ½Nh;F0 þ F00;K; u; p; k; . . . ; k;XSI0 :
Proof. Let x ¼ ðxkÞ 2 ½Nh;F0;K; u; p; k; . . . ; k;XSI . Let
0 < e< 1 and d with 0 < d< 1 such that fk(t) < e for
0 < t< d. Let yk ¼ f00kðkKkðxÞ  L; z1; z2; . . . ; zn1kÞ. Let
1
hr
X
k2Ir
f0kðykÞ
 pk ¼ 1
hr
X
1
f0kðykÞ
 pk þ 1
hr
X
2
f0kðykÞ
 pk ;
where the ﬁrst summation is over yk 6 d and the second sum-
mation is over yk > d. Then 1hr
P
1 f
0
kðykÞ
 pk 6 eH and for
yk > d, we use the fact that
yk <
yk
d
< 1þ yk
d
 h i;
where [ŒzŒ] denotes the integer part of z. So that from the prop-
erties of modulus function, we have for yk > d
f0kðykÞ < 1þ
yk
d
 h i	 
f0kð1Þ 6 2f0kð1Þ ykd
for all k. Hence
1
hr
X
2
f0kðykÞ
 pk 6 2 f0kð1Þ
d
 H
1
hr
X
2
½ykpk
which together with 1
hr
P
1 f
0
kðykÞ
 pk 6 eH yields
1
hr
X
k2Ir
f0kðykÞ
 pk 6 eH þmax 1; ð2f0kð1Þd1ÞH X
k2Ir
f0kðykÞ
 pk
and this completes the proof of (i).
(ii) Let x ¼ ðxkÞ 2 ½Nh;F0;K; u; p; k; . . . ; k;XS
I
0 \ ½Nh;F00;K; u; p; k; . . . ; k;XSI0 . The fact that
1
hr
X
k2Ir
uk f
0
k þ f00k
 ðkKkðxÞ  L; z1; z2; . . . ; zn1kÞ pk
6 1
hr
X
k2Ir
uk f
0
kðkKkðxÞ  L; z1; z2; . . . ; zn1kÞ
 pk
þ 1
hr
X
k2Ir
uk f
00
kðkKkðxÞ  L; z1; z2; . . . ; zn1kÞ
 pk
gives the result. hAcknowledgement
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